Abstract. We establish an infinitesimal variant of Guo-Jacquet trace formula for the case of (GL 2n , GLn× GLn) using an analogue of Arthur's truncation procedure. It results from the Poisson summation formula on (gln ⊕ gln)(A) equating the geometric expansions of a Schwartz function and its Fourier transform. We define the truncation to make both sides convergent. We obtain exponential polynomial distributions for general geometric terms. For regular semi-simple orbits, we get purely polynomial distributions which can be written as weighted orbital integrals.
where f is a Schwartz function on s(A) and k f (x) = γ∈s(F ) f (x −1 γx). Our main results can be described as follows. First of all, as in [2] , we replace k f (x) with some explicit k T f (x) to make the last integral absolutely convergent, where T ∈ R 2n is a truncation parameter. Moreover, there is a relation of equivalence on s(F ) defined by the categorical quotient s//H; we denote by O the set of classes of equivalence. For each class o ∈ O, we define k In the infinitesimal setting, the geometric expansion of the Fourier transform of f plays the role of the original spectral side (cf. [4] ). Our infinitesimal variant of Guo-Jacquet trace formula equating the geometric developments of f and its Fourier transform (denoted byf ) is following, which essentially comes from the Poisson summation formula. To prove this equality, we use the properties that each summand in both sides is a sum of products of polynomials and exponential functions in T and that the two sides differ by a sufficiently small exponential function in T . What's more, we show that most (namely regular semi-simple) terms in the geometric expansion are simply polynomial distributions. is an exponential polynomial in T . In particular, if o is regular semisimple, it is a polynomial in T .
This property allows us to take the constant term of each term (viewed as a distribution) in the trace formula to eliminate the truncation parameter. Unfortunately, the distributions that we obtained are non-equivariant under the conjugation of H(A) ∩ G(A) 1 in general (see Proposition 6.1), which is close to the situation in [2] and different from that in [21] . However, we can write regular semisimple terms as explicit weighted orbital integrals (see Theorem 9.1) as Arthur did in [2] .
This paper is organised in the following way. Section 2 and 3 are devoted to standard notation in Arthur's work on trace formulae and characterisation of O in the specific symmetric pair that we consider respectively. We define the truncated kernel k Acknowledgement. I would like to express my great appreciation to my PhD advisor Professor PierreHenri Chaudouard for introducing me to this problem and valuable suggestions during my preparation of this work. Part of this paper was revised during my visit to the Institute for Mathematical Sciences at the National University of Singapore and I would like to thank their hospitality. This work was supported by grants from Région Ile-de-France.
2. Notation 2.1. Roots and weights. Let F be a number field and G a reductive group defined over F . Fix a minimal Levi F -subgroup M 0 of G. All the following groups are assumed to be defined over F without further mention. We call a parabolic subgroup P of G semi-standard if M 0 ⊆ P . For any semi-standard parabolic subgroup P of G, we usually write M P for the Levi factor containing M 0 and N P the unipotent radical. Denote by A P the maximal F -split torus in the centre of M P . Let X(M P ) F be the group of characters of M P defined over F . Then define a P := Hom Z (X(M P ) F , R) and its dual space a * P := X(M P ) F ⊗ Z R, which are both R-linear spaces of dimention dim(A P ). Notice that the restriction X(M P ) F ֒→ X(A P ) F induces an isomorphism a of the latter map a P1 ։ a P2 . The restriction X(A P1 ) F ։ X(A P2 ) F induces a * P1 ։ a * P2 and its dual map a P2 ֒→ a P1 . The latter map a P2 ֒→ a P1 provides a section of the previous map a P1 ։ a P2 . Thus we have decompositions a P1 = a P2 ⊕ a
P2 P1
and a * P1 = a * P2 ⊕ (a P2 P1 ) * .
When P 1 is a minimal semi-standard parabolic subgroup, since a P1 (resp. A P1 ) and a
P2
P1 are independent of the choice of P 1 , we write them as a 0 (resp. A 0 ) and a P2 0 respectively. For a pair of semi-standard parabolic subgroups P 1 ⊆ P 2 of G, write ∆ 2.2. The functions H P and F P . Let A be the ring of adèles of F and | · | A the standard absolute value on the ring of idèles A * . Fix a maximal compact subgroup K of G(A) that is admissible relative to M 0 in the sense of [3, p. 9] . In this paper, we choose the standard maximal compact subgroup for inner forms of GL n (see [18, p. 191 and 199] for example). More concretely, suppose that G(F ) = GL n (D), where D is a central division algebra over F . For every place v of F , fix an isomorphism D ⊗ F F v ≃ gl rv (D v ), where D v is a central division algebra over F v . Under this isomorphism, the completion at v of G(F ) is G v ≃ GL nv (D v ), where n v = nr v . For v a finite place of F , let K v ≃ GL nv (O Dv ), where O Dv is the ring of integers of D v ; for v an infinite place of F , we choose K v to be the orthogonal group, unitary group and compact symplectic group (see [9, Chapter 1.2.8] for example) for G v ≃ GL nv (R), GL nv (C) and GL nv (H) repectively; let K := v K v . Suppose that P is a semi-standard parabolic subgroup of G. If m ∈ M P (A), define H P (m) ∈ a P by H P (m), χ = log(|χ(m)| A ), χ ∈ X(M P ) F .
Write M P (A) 1 for the kernel of H P and A ∞ P for the neutral component for the topology of R-manifolds of the group of R-points of the maximal Q-split torus in Res F/Q A P . Then any element x ∈ G(A) can be written as x = nmak, where n ∈ N P (A), m ∈ M P (A)
1 , a ∈ A ∞ P and k ∈ K. We can define a continuous map H P : G(A) → a P by setting H P (x) := H P (a) with respect to this decomposition. Notice that H P induces an isomorphism from A ∞ P to a P . If P ⊆ Q are a pair of semi-standard parabolic subgroups, write A Q,∞ P := A ∞ P ∩ M Q (A) 1 . Then H P also induces an isomorphism from A Q,∞ P to a Q P . Denote by Ω G the Weyl group of (G, M 0 ). In the cases to be considered in this paper, for every s ∈ Ω G , we can always choose its representative ω s ∈ G(F ) ∩ K such that ω s normalises M 0 . In fact, we are dealing with the case of G = GL n or its inner forms, thus we can choose Ω G to be the group of permutation matrices. For an F -subgroup H of G and s ∈ Ω G , we usually write sH := ω s Hω
From the reduction theory (see [2, p . 941]), we know that there exists a real number t 0 < 0 and a compact subset ω B ⊆ N B (A)M 0 (A) 1 for each minimal semi-standard parabolic subgroup B of G such that for any semi-standard parabolic subgroup P of G containing B, we have
We shall fix such t 0 and ω B . Additionally, we are authorised to assume that ω sB = ω s ω B ω −1 s for s ∈ Ω G . Moreover, we require that (M P (A) ∩ ω B , M P (A) ∩ K, B ∩ M P , t 0 ) will play the role of (ω B , K, B, t 0 ) for any semi-standard parabolic subgroup P of G containing B.
Let B ⊆ P and t 0 be as above. For T ∈ a 0 , define the truncated Siegel set
2.3. Schwartz functions and Haar measures. Write g for the Lie algebra of G. For an F -linear subspace s of g, denote by S(s(A)) the Schwartz space of s(A), namely the C-linear space of functions on s(A) generated by f ∞ ⊗ χ ∞ , where f ∞ is a Schwartz function on s(F ⊗ Q R) and χ ∞ is the characteristic function of an open compact subgroup of s(A ∞ ). Let P be a semi-standard parabolic subgroup of G. For every connected subgroup V of N P (resp. every subspace h of g), choose the unique Haar measure on V (A) (resp. on h(A)) such that vol(V (F )\V (A)) = 1 (resp. vol(h(F )\h(A)) = 1). We also take the Haar measure on K such that vol(K) = 1.
Fix an Euclidean norm · on a 0 invariant by the group Ω G and the Haar measure on a 0 compatible with this norm. If P ⊆ Q are a pair of semi-standard parabolic subgroups, we obtain the Haar measures on A ∞ P and A Q,∞ P via the isomorphism H P . Denote by ρ P ∈ (a G P ) * a half of the sum of weights (with multiplicities) for the action of A P on n P . We choose compatible Haar measures on G(A) and its subgroups by requiring that for any f ∈ L 1 (G(A)),
The symmetric pair
Let F be a number field and D a central division algebra over F . Let d be the degree of D, i.e., dim
Denote by GL n,D the reductive group over F whose F -points are GL n (D). For x ∈ GL n (D), we write Nrd(x) for its reduced norm and Trd(x) for its reduced trace. For x ∈ GL p (D) × GL q (D), denote by x 1 (resp. x 2 ) its projection to the first (resp. second) component. Until further notice, we shall work in a more general setting than that of Guo-Jacquet for later use, i.e., we shall study the case of (GL p+q,D , GL p,D × GL q,D ) and add an additional term |Nrd(x 1 )| s A in the integral of the modified kernel. 
where
by which one can regard the symmetric space S := G/H as a subspace of G ι . We see that H × H acts on G by left and right translation and H acts on G ι by conjugation. Let g := Lie(G) and h := Lie(H). Thus h = {X ∈ g : θ(X) = X}. Define the tangent space of S at the neutral element to be s. We shall always view s as a subspace of g. Then s = {X ∈ g : θ(X) = −X}
Semi-simple elements. We say that an element X ∈ s is semi-simple if the orbit H · X is Zariski closed in s. By a regular element X ∈ s, we mean that the stabiliser H X has minimal dimension. Proof. The case D = F is [12, Proposition 2.1 and Lemma 2.1] while the case p = q is [19, Proposition 5.2] . This proposition is nothing but a slightly more general one combining both cases, whose proofs are similar and still work here.
3.3.
Invariants. Denote by c the categorical quotient s//H. From Proposition 3.1 (cf. [20, Remark 5.3] for the case where D = F and p = q), we know that c is isomorphic to the affine space A d min{p,q} , and that the quotient map π : s → c is given by mapping 0 A B 0 ∈ s to the coefficients of the reduced characteristic polynomial of AB. This map defines a relation of equivalence on s(F ), where two elements are in the same class if and only if they have the same image. We denote by O the set of equivalent classes for this relation. By the above proposition, two semi-simple elements of s(F ) belong to the same class of O if and only if they are conjugate by H(F ). Fix P 0 a minimal parabolic subgroup of H defined over F and M 0 a Levi factor of P 0 defined over F . Then M 0 is also a Levi subgroup of G defined over F . For a semi-standard parabolic subgroup P of G (namely M 0 ⊆ P ), we say that P is relatively standard if P 0 ⊆ P , i.e., P ∩ H is a standard parabolic subgroup of H (namely P 0 ⊆ P ∩ H).
We can describe the embedding H ֒→ G via D-bimodules. Let V := e 1 , · · ·, e p D (resp. W := f 1 , · · ·, f q D ) be the free D-bimodule generated by the basis {e 1 , · · ·, e p } (resp. {f 1 , · · ·, f q }). Set GL(V ) to be the group of F -linear automorphisms on V, which acts on V on the left. Denote by GL(V ) D the subgroup of GL(V ) which respects the right D-module structure on V .
A relative standard parabolic subgroup P of G can be interpretated as the stabiliser in G of the flag
q i = q and we allow p i or q i to be zero. In particular, we have
Proposition 3.2. Let P be a relative standard parabolic subgroup of G. For all X ∈ (m P ∩ s)(F ) and
Proof. It is a consequence of [14, Lemma 2.1]. We can also give a direct proof as follows. Let F be an algebraic closure of F . For A ∈ M at dp×dq (F ) and B ∈ M at dq×dp (F ), we see that
Then for any X ∈ s(F ), π(X) is determined by the coefficients of the reduced characteristic polynomial of X regarded as an element of g(F ). The proposition follows from the easy fact: for X ∈ m P (F ) and U ∈ n P (F ), the reduced characteristic polynomial of X + U is equal to that of X.
Corollary 3.3. Let P be a relative standard parabolic subgroup of G and o ∈ O. For all subsets
Integrability of the modified kernel
Fix a minimal semi-standard parabolic subgroup P 0 of G. For any semi-standard parabolic subgroup P of G and T ∈ a 0 , denote by T P the projection of sT in a P , where s is any element in Ω G such that sP 0 ⊆ P . Notice that this definition is independent of the choice of s. For a semi-standard parabolic subgroup P of G, x ∈ H(A) and T ∈ a 0 , define
, where s is any element in Ω G such that sP 0 ⊆ P . Note that this definition is independent of the choice of s since we choose all ω s ∈ G(F ) ∩ K. In fact, for any minimal semi-standard parabolic subgroup
and for
From [2, Lemma 5.1], we know that the sum over δ ∈ P H (F )\H(F ) is finite. There is a T + ∈ a + P0 such that [2, Lemma 6.4] holds for T ∈ T + + a + P0 . We shall fix such a T + and say that such T is sufficiently regular.
Lemma 4.1. For all relatively standard parabolic subgroup Q of G, sufficiently regular T and x ∈ H(A), we have
This is an analogue of [21, Proposition 2.3] whose proof relies on [10, (2.5) in p. 674]. It is essentially a restricted form to H from [2, Lemma 6.4] for G. We can give a proof close to the steps in an early version of [21] , which reflects that a main complexity of the truncation here arises from the fact that none of the Siegel sets of H is contained in any Siegel set of G, as mentioned in [10] . However, we shall adopt alternatively the point of view in [5] to give a more conceptual proof here, which might be useful in other relative trace formulae as well.
First we introduce a variant (see [5, §1.5] ) of some concepts and results in [5, §2] without reproducing proofs. We say that a semi-standard parabolic subgroup Q of G is standard if P 0 ⊆ Q. For P ⊆ Q a pair of standard parabolic subgroups of G, denote by ρ Q P a half of the sum of weights (with multiplicities) for the action of A P on n P ∩ m Q . We denote by a + P0 the closure of a + P0 in a 0 . Definition 4.2. For g ∈ G(A), Q a standard parabolic subgroup of G and T ∈ a + P0 , we define the degree of T -instability of g with respect to Q by the following formula
where (P, δ) runs over the pairs of a standard parabolic subgroup P ⊆ Q and an element δ ∈ P (F )\Q(F ). . We say that a pair (P, δ) of a standard parabolic subgroup P ⊆ G and an element δ ∈ P (F )\G(F ) is T -canonical for g if it satisfies the following two conditions: 
Since we have similar formulae for F Q (·, T ) for sufficient regular T (see [2, Lemma 6 .4]), we know that
(·, T ) for such T . Now we can return to the proof of Lemma 4.1. Proof of Lemma 4.1. It is noticeable that the identity is reduced to its analogues for semi-standard Levi factors of Q, which is a product of GL pi+qi,D whose intersection with H is GL pi,D ×GL qi,D . By induction on the rank of G, it suffices to prove the identity for Q = G.
For a standard parabolic subgroup P of G, fix a set of representatives Ω P,G in {s ∈ Ω G | P 0 ⊆ s −1 P } for the relation s 1 ∼ s 2 if and only if s 2 s −1 1 ∈ Ω MP . We can rewrite the equality in the lemma as
In fact, this follows from
. Combining the double sums over s and δ, we claim that the equality above is equivalent to
In fact, for any s ∈ Ω P,G , consider the map
Firstly, it is well-defined: if
1 ), and then
2 P ) H are standard parabolic subgroups of H, which implies s
G appears in the image of the map for some s ∈ Ω P,G :
e., ss 0 ∈ Ω P,G . To sum up, we finish the argument of the claim.
It suffices to prove an analogue of the last equality by replacing F P P0 with F P for T ∈ a + P0 , as they are identical for sufficiently regular T . That is to say, for
, we deduce that (P, δ) is the unique T -canonical pair for g if and only if (P, θ(δ)) is the unique T -canonical pair for θ(g). Hence for x ∈ H(A), the corresponding δ = θ(δ). Denote by δ 0 a representative of δ ∈ P (F )\G(F ). Then
where m ∈ M P (F ) and u ∈ N P (F ). Both of mu and m are semi-simple in G(F ) (in the classical sense) for (mu) 2 = m 2 = 1. Applying [2, Lemma 2.1] to the characteristic function of the singleton {u}, one obtains that mu is N P (F )-conjugate to mu ′ for some u ′ ∈ N P (F ) such that mu ′ = u ′ m. Since both of mu ′ and m are semi-simple in G(F ), by the uniqueness of Jordan decomposition, we have u ′ = 1, i.e., δ 0 ǫδ
is N P (F )-conjugate to m. By linear algebra, m is M P (F )-conjugate to a diagonal matrix with entries {±1} with expected multiplicities p and q respectively. In sum, δ 0 ǫδ
Theorem 4.7. For all sufficiently regular T and all s ∈ R,
where we write
Proof. Let P 1 ⊆ P 2 be a pair of relatively standard parabolic subgroups of G.
, we define the characteristic function
and recall that for P ⊇ P 1 a relatively standard parabolic subgroup of G,
Using Lemma 4.1 and the left invariance of H P and k f,P,o by P H (F ), we have
where we denote
It suffices to prove that for any pair of relatively standard parabolic subgroups P 1 ⊆ P 2 of G,
P0 (t 0 , T )K H , so the integration is actually over the projection of a compact subset and thus convergent. Therefore, we reduce ourselves to proving the following proposition. Proposition 4.8. Let f ∈ S(s(A)), s ∈ R and P 1 P 2 be two relatively standard parabolic subgroups of G. Fix any two positive real numbers ǫ 0 and N . Then there exists a constant C such that
Proof. Let P be a relatively standard parabolic subgroup of G such that P 1 ⊆ P ⊆ P 2 . For any X ∈ m P (F )∩o, there exists a unique relatively standard parabolic subgroup R of G such that
Fix a nontrivial unitary character Ψ of A/F . Let ·, · be the non-degenerate H(A)-invariant bilinear form on s(A) defined by
Denote by P the parabolic subgroup of G opposite to P and write
Note that the restriction of ·, · to ((n P R ∩s)(A))×((n P R ∩s)(A)) is also non-degenerate. For any ξ ∈ (m R ∩ s)(A), applying the Poisson summation formula to the Schwartz function (nP ∩s)(A) f (x −1 (ξ +·+U )x)dU , we get
where the partial Fourier transform Φ
Since U, X = 0 for U ∈ (n P ∩ s)(A) and X ∈ (n P R ∩ s)(A), as well as n R = n P ⊕ n P R , we have
whose expression is actually independent of P . To sum up,
By [2, Proposition 1.1], we have
We reduce ourselves to bound
for any fixed relatively standard parabolic subgroup R of G such that P 1 ⊆ R ⊆ P 2 . Recall the decomposition
We claim that for any a ∈ A ∞ P0 (P 1,H , t 0 ), there exists a relatively standard minimal parabolic subgroup B ⊆ P 1 such that a ∈ A ∞ B (P 1 , t 0 ). In fact, this is an analogue of [10, (2.5) in p. 674]. By induction on dim(A P1 ), it suffices to prove this assertion for
In the definition of Siegel sets, we suppose
Thus we need to show that there exists a permutation s ∈ Ω G such that s·a = diag(a s −1 (1) , ···, a s −1 (p+q) ) satisfies the following two conditions:
Firstly, we show that one can move a p+1 to its left hand side in (a 1 , · · ·, a p+q ) such that both the first p + 1 elements and the last q − 1 ones in the new sequence are in "good" order (which means that the quotient of any consecutive pairs > e t0 ), while keeping the original relative orders among (a 1 , · · ·, a p ) and among (a p+1 , · · ·, a p+q ). If ap ap+1 > e t0 , we are already done (one can take s = 1). In general, write
. Secondly, we consider moving a p+2 as before. One should check that a p+2 will not exceed the new place of a p+1 , which results from the fact that ap+1 ap+2 > e t0 . Thus one can move a p+1 and a p+2 to their left hand side in (a 1 , · · ·, a p+q ) such that both the first p + 2 elements and the last q − 2 ones in the new sequence are in "good" order, while still keeping the original relative orders among (a 1 , · · ·, a p ) and among (a p+1 , · · ·, a p+q ). We can finish the argument of our claim by induction on q.
Denote by P( P 0 , P 1 ) the set of relatively standard minimal parabolic subgroups of G contained in
is a constant independent of T , and all the compact subsets in the integrals are independent of T . (We use the notation [cpt ⊆ * ] for denoting a compact subset in * . ) We claim that for n 2 ∈ N P2,H (A),
Since both U 2 and n −1
Because the change of variables U 2 + n −1
Using this claim, we get
By change of variables a −1 U a → U , using the fact that
where we denote by ρ R,+ a half of the sum of weights (with multiplicities) for the action of A 0 on n R ∩ s.
From the reduction theory (see [2, p . 944]), we know that for a satisfying σ
where c 2 is a constant independent of T , and Γ is a compact subset independent of T . Since the f ∈ S(s(A)) is compactly supported on finite places, there exists a positive integer N 1 independent of T such that the sums over ξ ∈ ( m R P1 ∩ s)(F ) and X ∈ ((n P2 R ) ′ ∩ s)(F ) can be restricted to
O F ) respectively (here O F denotes the integer ring of F ), which can be made explicit as in [4, §1.9] (of course, we need to replace m R and n R there by m R ∩ s and n R ∩ s respectively).
Consider a positive integer k to be made precise. There exists a positive integer m, a real number k α ≥ 0 for each α ∈ ∆ P2 B , and a real number c 3 > 0 satisfying [4, (4.10) in p. 372]. We can choose a multi-index − → i whose sum of components is m. Write
Invoking integration by parts, for X = 0, we get
where c 4 (y) is a continuous function of y. Here · denotes an Euclidean norm on s(F ⊗ Q R).
Denote by Φ(A B , m R ∩ s) the set of weights of A B in m R ∩ s. From [17, §41], we know that there exists a function φ µ ∈ S(m µ (A)) for each µ ∈ Φ(A B , m R ∩ s) and a function φ nR∩s ∈ S((n R ∩ s)(A)) such that for all ξ + U ∈ (m R ∩ s)(A) ⊕ (n R ∩ s)(A) and y ∈ Γ, Thus 
As in [4, p. 373] , for the first and third factors, we also have
and ξ0∈m0(
where c 6 and c 7 are constants independent of T and a. One may note that our bound for the second factor is slightly different from [4, (4.14) in p. 373]. Actually we get
where c 8 is a constant independent of T . However, we claim that this discrepancy will be unimportant when we follow the rest of the proof of [4, 
Corollary 4.9. Let f ∈ S(s(A)) and s ∈ R. Fix any two positive real number ǫ 0 and N . Then there exists a constant C such that
for all sufficiently regular T satisfying α(T ) ≥ ǫ 0 T for any α ∈ ∆ P0 .
Exponential polynomial distributions
Let T be sufficiently regular, o ∈ O and η be the quadratic character of A × /F × attached to a quadratic field extension E/F . For f ∈ S(s(A)) and s ∈ R, define
where we write A) ), and
which is an analogue of the geometric side of Arthur's trace formula. Let Q be a relatively standard parabolic subgroup of G. Then
q i = q and we allow p i or q i to be zero. The tangent space of M Q /M QH at the neutral element is
The conjugate action of M QH (F ) on (m Q ∩s)(F ) can be described as follows: if p i q i = 0,
(viewed as a 0-dimensional vector space) trivially. Define a relation of equivalence on (m Q ∩ s)(F ) which is similar to that on s(F ) on each component. We denote by O mQ∩s the set of equivalent classes for this relation. For o ∈ O, the intersection o ∩ m Q (F ) is a finite (perhaps empty) union of classes o 1 , · · ·, o t ∈ O mQ∩s . Note that our results in the last section can be generalised to the product setting here and that the proof is similar. Actually, for f ∈ S(m Q ∩ s(A)), sufficiently regular T ∈ a P0 and {s i } 1≤i≤l ∈ R l , define
for any relatively standard parabolic subgroup P of G. This definition can be explicitly given by [3, (2.1) in p. 13] and only depends on the projections of T 1 , T 2 onto a G P . Denote by ρ Q,+ a half of the sum of weights (with multiplicities) for the action of A 0 on n Q ∩ s. We see that ρ Q,+ = ρ Q − ρ QH and that for Q ⊆ R a pair of relatively standard parabolic subgroup of G, the restriction of (2ρ Q,+ − 2ρ QH ) aQ to a R equals (2ρ R,+ − 2ρ RH ) aR . For T = (t 1 , ..., t p+q ) ∈ a 0 , we denote Σ 1 (T ) := t 1 + ... + t p . If we use the notation in Section 3.3 and put e * i ∈ a * 0 (resp. f * i ∈ a * 0 ) to be the character of the action of A 0 on e i (resp. f i ), it is equivalent to say that Σ 1 = 1≤i≤p e * i . For T 2 ∈ a Q and s ∈ R, write
For Q ⊆ R a pair of relatively standard parabolic subgroups of G, denote by
In our case, we can embed G into g in the standard way. For any linear subspace v of g, we denote by v × the intersection of v and G in g. Let p = q =: n. At the risk of abuse of terminology, in this article we say that a relative standard parabolic subgroup Q of G is "balanced" if p i = q i for any 1 ≤ i ≤ l; an illustrating example for l = 2 looks like
Notice that there is a bijection
between the set of standard parabolic subgroups in GL n and the set of "balanced" parabolic subgroups in G. For Q ⊆ R a pair of relatively standard parabolic subgroups of G, one sees that "Q is 'balanced' " ⇒ "R is 'balanced' ", but "R is 'balanced' " "Q is 'balanced' ". For any relative standard parabolic subgroup Q of G, define
which is the minimal "balanced" parabolic subgroup of G containing Q. We also remark that for Q a relatively standard parabolic subgroup of G and o ∈ O satisfying o ⊆ s × (F ) (e.g., o ∈ O rs ), we have o ∩ m Q (F ) = ∅ ⇒ Q is "balanced".
Lemma 5.1. Let p = q =: n. Let Q be a relatively standard parabolic subgroup of G. For all
* is zero if and only if Q is "balanced".
Proof. We use the notation in Section 3.3. Put e * i ∈ a * 0 (resp. f * i ∈ a * 0 ) to be the character of the action of A 0 on e i (resp. f i ). Write e ∨ i ∈ a 0 (resp. f ∨ i ∈ a 0 ) to be the dual basis, i.e., e * i (e
* to be the dual basis. Denote
and that
It is clear that (2ρ Q,+ − 2ρ QH )(̟ Proposition 5.2. Let Q be a relatively standard parabolic subgroup of G, T 2 ∈ a Q and s ∈ R. The function T 1 → Γ Q (T 1 , T 2 ) is compactly supported on a G Q . Moreover, the function T 2 → p Q,s (T 2 ) is an exponential polynomial in T 2 ; more precisely, there exists a polynomial p Q,R (not necessarily unique) on a
where we write T G 2,R for the projection of
When p = q =: n and s = 0, the purely polynomial term of p Q,0 (T 2 ) is given by
which is a homogeneous polynomial in T 2 of degree dim(A Q bal /A G ); in particular, if Q is "balanced", then p Q,0 (T 2 ) is a homogeneous polynomial in T 2 of degree dim(A Q /A G ). 
Proof
is an entire function in λ ∈ a * Q,C , and its value is given by
when the latter expression makes sense. Fix ε ∈ a * Q,C such that θ R Q (ε) = 0 and θ G R (ε) = 0 for all relatively standard parabolic subgroups R containing Q. Then for t ∈ R × whose absolute value is small enough, we also have θ R Q (2ρ Q,+ − 2ρ QH + sΣ 1 + tε) = 0 and θ G R (2ρ Q,+ − 2ρ QH + sΣ 1 + tε) = 0 for all relatively standard parabolic subgroups R containing Q. Let λ = 2ρ Q,+ − 2ρ QH + sΣ 1 + tε in the formula above, and we obtain
Since the restriction of 2ρ Q,+ − 2ρ QH + sΣ 1 to a R equals 2ρ R,+ − 2ρ RH + sΣ 1 , we get
. We can put p Q,R (T G 2,R ) to be the constant term of the Laurent series development around t = 0 of
Hence we prove the existence in the second statement. Now let p = q =: n. From Lemma 5.1, we know that the purely polynomial term of p Q,0 is given by
Next we compute the degree of p Q,R that we chose above for each "balanced" parabolic subgroup R containing Q. Denote
and
where ♯ means the cardinality of a finite set. Then
Recall that both of ( ∆ 
Keep the notation as in the proof of Lemma 5.1 for Q. Since R is "balanced", by Lemma 5.1, we may suppose that R is the stabiliser in G of the flag
The fact that Q ⊆ R tells us that both of the partitions (p 1 , · · ·, p l ) and (q 1 , · · ·, q l ) are refinements of the partition (r 1 , · · ·, r l ′ ) of n, and that every r i is divided into the same number of segments in these two refinements. Then
Because the restriction of 2ρ Q,+ − 2ρ QH to a R equals 2ρ R,+ − 2ρ RH and R is "balanced", by Lemma 5.1, we do not need the projection, i.e.,
From the proof of Lemma 5.1, for any 1 ≤ k ≤ l, we have (2ρ
We can also see that Q bal is the "balanced" parabolic subgroup R containing Q with maximal l ′ := dim(A R ). To sum up, we have
Hence for each "balanced" parabolic subgroup R containing Q,
The assertion about the particular case where Q is "balanced" is [3, Lemma 2.2] combined with Lemma 5.1; it can also be read from the results above that we have proved.
Theorem 5.3. Let T ′ be sufficiently regular, o ∈ O and f ∈ S(s(A)). For Q a relatively standard parabolic subgroup of G, take {s i } 1≤i≤l to be the explicit constants determined by
which only depend on Q, where we write
Then for all sufficiently regular T and s ∈ R,
where we write Proof. Let P be a relatively standard parabolic subgroup of G, δ ∈ P H (F )\H(F ) and
Exchanging the order of two sums over P and Q, and decomposing the sum over P H (F )\H(F ) into two sums over P H (F )\Q H (F ) and Q H (F )\H(F ), we have
Combining the integral over H(F )\H(A) ∩ G(A)
1 and the sum over Q H (F )\H(F ) into the integral over Q H (F )\H(A) ∩ G(A) 1 , and using the fact that
we obtain
Notice that
, and that
In addition, by change of variables, we see that
Since δa
In sum, the integrand in J G,T o (η, s, f ) is independent of n ∈ N QH (F )\N QH (A). We can choose the Haar measure such that vol(N QH (F )\N QH (A)) = 1. Then
By the definition of the Haar measure on A
G,∞ Q
, we have
Since n P = n Q P ⊕ n Q , by change of variables, we see that
so we can write
where we use the notations at the beginning of this section. Now we can draw our conclusion by noting that , f ) and J G,T (η, s, f ) are exponential polynomials in T for sufficiently regular T , so we can extend them to all T ∈ a P0 . When p = q =: n and s = 0, their purely polynomial terms have degree
Remark 5.5. We fix M 0 a common minimal Levi subgroup of H and G. Firstly, the distributions J G,cst o (η, s, f ) and J G,cst (η, s, f ) are independent of the choice of the relatively standard minimal parabolic subgroup P 0 of G at the very beginning of last section. In fact, let P ′ 0 be another relatively standard minimal parabolic subgroup of G and σ ∈ Ω G such that
are independent of the choice of the minimal parabolic subgroup P 0 of H. In fact, let P ′ 0 be another minimal parabolic subgroup of H and σ ∈ Ω H such that
(η, s, f ) the distributions obtained starting from P ′ 0 and P ′ 0 . We can apply the argument of [4, Proposition 4.6] after some minor modifications here to prove that J
Non-equivariance
Let Q be a relatively standard parabolic subgroup of G, s ∈ R and y ∈ H(A)∩G(A)
where p Q,s is defined by the formula (5.0.2).
Proposition 6.1. For f ∈ S(s(A)) and y ∈ H(A) ∩ G(A) 1 , we denote f y (x) := f (yxy −1 ). For Q a relatively standard parabolic subgroup of G, take {s i } 1≤i≤l to be the same explicit constants as in Theorem 5.3 which only depend on Q. Then for all sufficiently regular T , o ∈ O and s ∈ R,
Proof. By definition,
By change of variables, we have
For x ∈ H(A) and P a relatively standard parabolic subgroup of G, let k P (x) be an element in K H such that xk P (x) −1 ∈ P H (A). Then
Substituting T 1 = H P (δx) − T P and T 2 = −H P (k P (δx)y) in the definition of Γ P (T 1 , T 2 ), we get
A dx, Exchanging the order of two sums over P and Q, and decomposing the sum over P H (F )\H(F ) into two sums over P H (F )\Q H (F ) and Q H (F )\H(F ) , we obtain
Combining the integral over H(F )\H(A) ∩ G(A)
1 and the sum over Q H (F )\H(F ) into the integral over
1 , and using the fact that
we have
As in the proof of Theorem 5.3, we see that
In addition,
To sum up, the integrand in J G,T o (η, s, f y ) is independent of n ∈ N QH (F )\N QH (A). We can choose the Haar measure such that vol(N QH (F )\N QH (A)) = 1. Then
First, let us compute the integral on A
G,∞ Q
, which is
Next, we consider the integral on K H , which is
where we use the notations at the beginning of last section. Hence
As in the proof of Theorem 5.3, we notice that
Then we have proved the first formula in the proposition. When p = q =: n and s = 0, since J Recall that for f ∈ s(A), its Fourier transformf is defined by
where Ψ is a nontrivial unitary character of A/F and ·, · is a non-degenerate H(A)-invariant bilinear form on s(A).
Theorem 7.1. For all T ∈ a P0 , f ∈ S(s(A)) and s ∈ R,
wheref is the Fourier transform of f . In particular, the analogous formula also holds when we replace J Proof. From the Poisson summation formula, we know that for any x ∈ H(A),
Using Corollary 4.9, for all sufficiently regular T satisfying α(T ) ≥ ǫ 0 T for any α ∈ ∆ P0 , we have
(η, s,f ).
The second modified kernel
In this section and the next, we shall focus on the case where p = q =: n in order to get better description for distributions associated to regular semi-simple orbits. We shall change our notation by denoting G := GL 2n,D and H := GL n,D × GL n,D without further mention.
Denote by O rs the subset of regular semi-simple orbits in O. Let f ∈ S(s(A)), P be a relatively standard parabolic subgroup of G and o ∈ O rs . For x ∈ P H (F )\H(A), define
and for x ∈ H(F )\H(A), define
From [2, Lemma 5.1], we know that the sum over δ ∈ P H (F )\H(F ) is finite. Recall that since o ∈ O rs , we have m P (F ) ∩ o = ∅ ⇒ P is "balanced" in the sense of Section 5. Thus the above definitions only involve the relatively standard parabolic subgroups that are "balanced".
Lemma 8.1. Let P be a relatively standard parabolic subgroup of G and o ∈ O rs . For X ∈ m P (F ) ∩ o, the map
is an F -isomorphism of algebraic varieties and preserve the Haar measures on A-points.
Proof. Since P is "balanced", we can suppose
Then we have
. . .
We claim that the morphism of F -affine spaces
induces an F -linear isomorphism on F -points. In fact, since it gives an F -linear map between finite dimensional linear spaces of the same dimension, we only need to prove that this map is injective under base change to an algebraically closure of F . Then without loss of generality, it suffices to consider the case where
Since X is regular semi-simple, A i B i and A j B j have no common eigenvalues, and so do B i A i and B j A j . By the classical theory of Sylvester equation, we know that C ij = D ij = 0 and conclude. From this claim, we know that the map
is an F -isomorphism of algebraic varieties and preserves the Haar measures on A-points. Notice that n −1 Xn − X = n −1 (Xn − nX). It is not hard to check that here n −1 functions as some translation
, so an analogous assertion still holds for the map n → n −1 Xn − X.
Theorem 8.2. For all sufficiently regular T , all s ∈ R and o ∈ O rs ,
Proof. As in the proof of Theorem 4.7, using the left invariance of j f,P,o by P H (F ), we reduce ourselves to proving
where P 1 P 2 are a pair of relatively standard parabolic subgroups of G and for x ∈ P 1,H (F )\H(A), we put
Applying Lemma 8.1, we get
Applying Lemma 8.1 again, we obtain
where we denote P 2,H := P 2 ∩ H.
Decomposing the integral over
1 , and using the fact that χ
Since P 1,H ⊆ P 2,H and vol(N P2,H (F )\N P2,H (A)) = 1, we see that
where we have applied Lemma 8.1 in the last equality. Therefore
whose convergence results from that of the formula (4.0.1) when R = P 2 . Now we begin to prove the second statement. From the first statement, now we have the right to write
Decompose the integral over 
Since P 1,H ⊆ P H and vol(N PH (F )\N PH (A)) = 1, we see that
where we have applied Lemma 8.1 in the last equality. Therefore 
Weighted orbital integrals
As in the last section, we shall assume that p = q =: n in the following discussion. Moreover, we shall suppose that s = 0 in the orbital integral for convenience, since |Nrd(x 1 )| s A is not invariant under the translation by A ∞ G . Let o ∈ O rs . It is possible to choose an element X 1 ∈ o and a relatively standard parabolic subgroup P 1 of G such that X 1 ∈ m P1 (F ) (thus P 1 is "balanced" in the sense of Section 5) but X 1 can not be H(F )-conjugate to an element in any relatively standard parabolic subgroup R P 1 . We call such X 1 an elliptic element in (m P1 ∩ s)(F ). Equivalently, for X 1 = 0 A 1 B 1 0 and P 1 = p 1,n p 1,n p 1,n p 1,n × , where P 1,n is the standard parabolic subgroup of GL n,D corresponding to P 1 , we require that A 1 B 1 is elliptic in m P1,n (F ) in the usual sense. Let H X1 be the centraliser of X 1 in H. For P 1 and P 2 a pair of relatively standard parabolic subgroups of G, denote by Ω H (a P1 , a P2 ) the set of distinct isomorphisms from a P1 to a P2 obtained by restriction of the elements in Ω H . If both of P 1 and P 2 are "balanced", such isomorphisms can only be induced by ω s = ω sn ω sn , where s n ∈ Ω GLn,D (a P1,n , a P2,n ) defined in [2, p. 917] . Here and thereafter, we abuse notation by identifying two copies of GL n,D (and their underlying D-bases) in H. In particular, let P 0,n be a minimal parabolic subgroup of GL n,D . Then P 0 = P 0,n P 0,n is a minimal parabolic subgroup of H, and T 1 + T 2 makes sense for T =: Here P 1 =: p 1,n p 1,n p 1,n p 1,n × , T =:
x 1 x 2 , P 0 =: P 0,n P 0,n , and the union takes over all standard parabolic subgroup P 2,n of GL n,D . In other words, v P1 (x, T ) is the volume of the projection onto a P1,n /a GLn,D of the convex hull of T1,Q n +T2,Q n 2 − HQ n (x1)+HQ n (x2) 2
, where Q n takes over all semi-standard parabolic subgroups of GL n,D with Levi factor M Qn equal to M P1,n .
Proof. Consider P a relatively standard parabolic subgroup of G and X ∈ m P (F ) ∩ o (thus P is "balanced"). There exists a relatively standard parabolic subgroup P 2 ⊆ P and X 2 ∈ (m P2 ∩ s)(F ) such that X 2 is conjugate to X via an element in M PH (F ) and the split component of H X2 is A P2 ; actually P 2 is also "balanced" and we can take X 2 = 1 * if necessary. Then any element in H(F ) which conjugates X 1 and X 2 will conjugate A P1 and A P2 . It follows that there exists s ∈ Ω H (a P1 , a P2 ) and m ∈ M PH (F ) such that
Suppose that P 3 ⊆ P is another relatively standard parabolic subgroup, s ′ ∈ Ω H (a P1 , a P3 ) and m ′ ∈ M PH (F ) such that
Then there is ζ ∈ H X (F ) such that m ′ ω s ′ = ζmω s .
Since H X ⊆ M PH , we see that ω s ′ = ξω s for some ξ ∈ M PH (F ). Denote by Ω H (a P1 ; P ) the set of s ∈ aP 2 Ω H (a P1 , a P2 ) satisfying a P ⊆ sa P1 and s −1 α > 0 for each α ∈ ∆ PH P2,H , where the union takes over all a P2 corresponding to some "balanced" parabolic subgroup P 2 of G. Notice that there is a bijection ω sn → ω sn ω sn between Ω GLn,D (a P1,n ; P n ) defined in [2, p. 950] and Ω H (a P1 ; P ); here P =: p n p n p n p n × . In sum, for any given P a relatively standard parabolic subgroup of G and X ∈ m P (F ) ∩ o, there is a unique s ∈ Ω H (a P1 ; P ) such that X = mω s X 1 ω f ((δx) −1 X 1 δx) · χ T (δx).
In the end, we return to the left-invariance of v P1 (x, T ) under H X1 (A). For y ∈ H X1 (A), we have y ∈ M P1,H (A) = M P1,n (A) × M P1,n (A). Thus the convex hull corresponding to v P1 (yx, T ) is a translation of that corresponding to v P1 (x, T ), so they have the same volume.
Remark 9.2. The weights we got for regular semi-simple orbits are the same as those (see [13, p. 131] ) appear in the twisted trace formula for (GL n,D × GL n,D ) ⋊ σ, where σ acts on GL n,D × GL n,D by σ(x, y) := (y, x). The "balanced" parabolic subgroups here play the role of the σ-stable parabolic subgroups in GL n,D ×GL n,D , which correspond to the standard parabolic subsets of (GL n,D ×GL n,D )⋊σ in the sense of [13] . However, we need more (namely relatively standard) parabolic subgroups in our truncation to deal with the orbits not in s × (F ).
